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Universal cover of the group SLy(R)

Exercise 1 Denote by SLy(R) the group of 2 x 2 matrices of determinant +1 with real entries.

1. Show that any one-parameter subgroup (g*);cr of SLa(R) is conjugate in SLy(R) to one of
the following three subgroups:
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If a is nonzero, (g')icr is called hyperbolic in the first case, parabolic in the second case,
elliptic otherwise.

2. If ¢ = exp(tZ) with Z € sly(R), relate the hyperbolic, parabolic or elliptic nature of (g)
to the sign of B(Z, Z), where B is the Killing form defined for every X,Y € sly(R) by

1
B(X, Y) = iTr(adX o ady).

3. Is the map exp : sly(R) — SLy(R) surjective?

Denote by 7 : SLa(R) — SLo(R) the universal cover of SLy(R), and by exp the exponential

map from sly(R) to SLy(R).

4. What is the relation between exp, exp and 77
5. Describe the centre of SLy(R).
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6. Show that if B(Z,Z) < 0, then (exp(tZ))icr is an embedded Lie subgroup of SLs(R),

isomorphic to R and containing the centre of SLy(R).

7. Are there any connected compact subgroups besides {e} in SLy(R)?

Lie groups and Lie algebra correspondence, covers

Exercise 2 Classify up to isomorphism

1. all connected Lie groups with R™, where n > 1, as their Lie algebra;
2. all connected Lie groups with aff(R) as their Lie algebra;

3. all connected Lie groups with heis(3) as their Lie algebra.

Exercise 3 Let GG be a Lie group with Lie algebra g.

1. Let H be a closed subgroup of G.
Show that if H is not discrete, it contains a nontrivial one-parameter subgroup.

2. Denote by 3(g) and Z(G) the centres of the Lie algebra g and of the Lie group G.
Assuming G is connected, show that Z(G) is discrete if and only if 3(g) = {0}.

3. Give an example of a connected Lie group G such that 3(g) = {0} but Z(G) # {e}.



