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Exercise 1 Consider Aff(R) = {z — azx+b : (a,b) € R* xR} the set of affine transformations
of R.

1. Prove that Aff(R) is a Lie group.

2. Compute the Lie algebra of Aff(R), that we denote by aff(R).
Hint: One may write Aff(R) as a subgroup of a matrix group.

Let V' be a real vector space of dimension 2, and let {X, Y} be a basis of V.
3. Show that any anticommutative bilinear map on V' defines a Lie bracket.
4. Show any 2-dimensional real Lie algebra is either commutative or isomorphic to aff(R).

5. Check that each of these Lie algebras is isomorphic to the Lie algebra of a Lie group.

Exercise 2 Define the lower central series (C,,) and the derived series (D,,) of a Lie algebra g
by setting Cy = Dy = g and, for any integer n > 0, C,4q1 = [Cp, ¢] and D, 11 = [D,, D).

Call g nilpotent if there exists n such that C,, = 0; solvable if there exists n such that D, = 0.
For each group below:

(a) show it is a Lie group; (d) give a basis B for its Lie algebra g;

(b) tell if it is connected or not; (e) compute brackets between elements in B;
(c) compute if possible its Lie algebra g; (f) is g commutative? nilpotent? solvable?
1. OQ(R) = {ZL’ € Mg(R) |tIL'ZL‘ = [2}

2. SLy(R) = {z € My(R)| detz =1}
3. SU(2) = {z € My(C) |'zz =1, & detz =1}

I = =
4. Heis(3) = 01 y ||(z,y,2) eR?
0 0 1

5. Sol(3) = R x R?, with the product manifold structure, where ¢ € R acts on R?

t
via the matrix (e eot>. (Realise Sol(3) as an embedded subgroup in SL3(R).)

0

Exercise 3 Isomorphisms su(2) ~ s0(3) et slo(R) ~ s0(1,2).
Recall the following definitions of classical Lie groups

SOB3) ={r e M3(R) : ‘zx =13 & detz =1}
B . (=10 (=1 0 B
SO(2,1) = {x e M3(R) : ‘x ( 0 ]2> xr = ( 0 fg) & detaz = 1}

a b
—b a
Deduce that SU(2) is diffeomorphic to a well-known 3-manifold.

1. Check that SU(2) consists in matrices of the form , with |a|* + [b]? = 1.



2. ShowthatElzé (Z) —Oz ,E2:;<_01 é)andE;;zé(? é)

form a basis of its Lie algebra su(2).
What are the bracket relations between E;, Ey et Ej.

On su(2), consider the quadratic form Q(M) = det(M).

3. Let ¢ : su(2) — R3 give the coordinates of U € su(2) in the basis {2E;, 2F,, 2F3}.
What quadratic form on R? corresponds to @ via ?

4. Deduce that the adjoint representation naturally defines
a morphism p : SU(2) — SO(3).

5. Show that p is a submersion, then that it is a surjective morphism.
What is its kernel?

6. Deduce from the above that SO(3) is diffeomorphic to a well-known 3-manifold
and that su(2) and so(3) are isomorphic.

1 0 0 1 00
oo (30 ) (8 Yamar - (20).

7. Show that H, E and F forme a basis of the Lie algebra sly(RR).
Compute the brackets between H, F, F.

Given a finite-dimensional real Lie algebra g, its Killing form
is the symmetric bilinear form By : g x g — R defined by By(z,y) = tr(ad z o ad y).

8. Show that a Lie algebra isomorphism sends Killing form to Killing form.

9. Denote by B the Killing form on sly(R).
Find the matrix of B in the basis H, E, F.
What is its signature?

10. Determine the signature of the Killing form of su(2).
Deduce that the Lie algebras su(2) et sly(R) are not isomorphic.

11. Adapt the above to show the Lie algebras sly(R) et so(1,2) are isomorphic.



